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10.1.6 Solved Problems 

Problem 1 

Let Yi, Y 2 , Y3, • • • be a sequence of i.i.d. random variables with mean EY{ — 0 and Var(YJ) = 4. Define the 
discrete-time random process TL e N} as 

X(n)=Y 1 +Y 2 + ---+Y n , for all hGN. 

Find fix ( n ) an d Rx (m, Tl), for all n, m E N. 

• Solution 

o We have 


fix{n) = E[X(n)\ 

= E[Y 1 +Y 2 + ---+Y n ] 

= E[Y 1 ]+E[Y 2 ] + --- + E[Y n ] 

= 0 . 

Let m < n, then 

Rx(m,n) = E[X(m)X(n)\ 

= E[X(m)(X(m) + Y m+ 1 + l^n+2 + • • • + In)] 

= E[X(m) 2 } + E[X(m)]E[Y m+1 + Y m+2 + --- + Y n } 
= E[X(m) 2 } + 0 
= Var(X(m)) 

= Var (Yi) + Var(F 2 ) + • • • + Var(Y m ) 

= 4m. 

Similarly, for m > Tl, we have 

R x (m,n ) - E[X(m)X(n)\ 

= 4 n. 


We conclude 


Rx(m,n ) = 4min(m, n). 


Problem 2 

For any k E Z, define the function g & (t) as 

{ 1 fc < f < fc + 1 

0 otherwise 

Now, consider the continuous-time random process t E R. )■ defined as 
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+oo 

X (t) = ^2 A k9k{t), 

k=—oo 

where A\ , A2 , • • • are i.i.d. random variables with EA & = 1 and Var(A&) = 1 . Find fix (i), -Rx ( 5 ? £), and 
Cx (s, i) for all S, t G R.. 

• Solution 

o Note that, for any k G Z, <?(£) — 0 outside of the interval (fc, k + 1]. Thus, if k < i < A: + 1, we 
can write 

*(*) = A k . 

Thus, 

«(t) = E[X(t) ] 

= B[4i] = 1. 

So, fix (t) = 1 for all t G R- Now consider two real numbers S and t. If for some fc G Z, we have 

k < s,t < k + 1, 

then 


i?x(M) = £[X(s)X(*)] 

= E[A\] = 1 + 1 = 2. 

On the other hand, if S and t are in two different subintervals of R, that is if 


k < s < k + 1 , and l < t < l + 1 , 
where k and l are two different integers, then 

Rx(s,t) =E[X(s)X(t)} 

= E[A k Ai] = EIA^EIM = 1 . 

To find Cx ( S , t ), note that if \ 


k < s, t < k + 1, 


then 


C x (s,t)=R x (s,t)-E[X(s)]E[X(t)] 
= 2 - 1 • 1 = 1. 


On the other hand, if 

k < s < k + 1, and l < t < l + 1, 
where k and l are two different integers, then 

C x (s,t) = R x (s,t ) - E[X(s)]E[X(t)] 
= 1 - 1 • 1 = 0. 


Problem 3 
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Let .X(i) be a continuous-time WSS process with mean fix — 1 and 

f3-|r| -2<r<2 

Rx(r) = l 

(, 1 otherwise 

a. Find the expected power in X(t). 


b. Find E 


Solution 


X{1) + X{2) + X{3) 


a. The expected power in X(t ) at time t is E\X(t) 2 ], which is given by 

Rx{ 0) = 3. 

b. We have 


E 


X(l) + X(2) + X{3) 


= E 


X{1) 2 + X{2) 2 + X(3f 


+ 2X(1)X(2) + 2X(1)X(3) + 2X(2)X(3) 

= 3R X (0) + 2R X (-1) + 2R x (-2) + 2R X (-1) 
= 3-3 + 2-2 + 2-1 + 2-2 
= 19. 


Problem 4 

Let X(t ) be a continuous-time WSS process with mean fix — 0 and 

Rx(r) = S(r), 

where 5 (t) is the Dirac delta function. We define the random process Y ( t ) as 

Y(t) = f X(u)du. 

Jt-2 

a. Find/ry(t) = E[Y(t)]. 

b. Find Rxy{h ,t 2 ). 

• Solution 

o a. We have 
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b. We have 


ll Y {t) 



Rxy{t 1R2) — E 
= E 


Xfa) [ 2 X(u)du 

Jt 2 -2 

r x^x^d 

jt 2-2 

rt 2 

/ — w ) du 

Jt 2 ~2 

rh 

/ <5(t x — -u) du 

Jt 2 -2 


^2 — 2 < t\ < t2 


0 otherwise 


Problem 5 

Let X(t ) be a Gaussian process with = t, and Rx{t 1 > ^ 2 ) — 1 + ^t\t 2 , for all t, t\,t 2 E M. Find 

P(2X(1)+X(2) < 3). ' ." 

• Solution 

o Let Y = 2X(1) + X(2). Then, Y is a normal random variable. We have 

EY = 2E[X(1)\ +E[X{2)\ 

- 2 -1 + 2 = 4. 

Var(F) = 4Var(X(l)) + Var(X(2)) +4Cov(X(l),X(2)). 

Note that 

Var(X(l)) = E[X( l) 2 ] - E[X( l)] 2 

= Rx( 1,1) - Mx(l) 2 
= l + 2-l-l-l = 2. 

Var(X(2)) = E[X( 2) 2 ] - P[X(2)] 2 
= -Rx(2,2) - /rx(2) 2 

= l + 2- 2- 2-4 = 5. 
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Cov(X(l),X(2)) = E[X( 1)X(2)] - E[X(1)]E[X(2)} 

— Rx( 1 , 2 ) — /^ x ( 1 ) mx ( 2 ) 

= l + 2-l-2-l-2 = 3. 

Therefore, 

Var(F) = 4-2 + 5 + 4-3 = 25. 

We conclude Y ~ iV(4, 25). Thus, 

p(r < 3) = * (^4) 

= $(—0.2) « 0.42 


<— previous 
next —> 
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